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ABSTRACT
Estimation of the tail index of stationary, fat-tailed return distributions is non-trivial since the
well-known Hill estimator is optimal only under iid draws from an exact Pareto model. We
provide a small sample simulation study of recently suggested adaptive estimators under ARCH-
type dependence. The Hill estimator's performance is found to be dominated by a ratio estimator.
Dependence increases estimation error which can remain substantial even in larger data sets. As
small sample bias is related to the magnitude of the tail index, recent standard applications may
have overestimated (underestimated) the risk of assets with low (high) degrees of fat-tailedness.
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Hvwlpdwlrq ri wkh wdlo lqgh{ ri vwdwlrqdu|/ idw0wdlohg uhwxuq glvwulexwlrqv lv qrq0
wulyldo vlqfh wkh zhoo0nqrzq Kloo hvwlpdwru lv rswlpdo rqo| xqghu llg gudzv iurp
dq h{dfw Sduhwr prgho1 Zh surylgh d vpdoo vdpsoh vlpxodwlrq vwxg| ri uhfhqwo|
vxjjhvwhg dgdswlyh hvwlpdwruv xqghu DUFK0w|sh ghshqghqfh1 Wkh Kloo hvwlpd0
wru*v shuirupdqfh lv irxqg wr eh grplqdwhg e| d udwlr hvwlpdwru1 Ghshqghqfh
lqfuhdvhv hvwlpdwlrq huuru zklfk fdq uhpdlq vxevwdqwldo hyhq lq odujhu gdwd vhwv1
Dv vpdoo vdpsoh eldv lv uhodwhg wr wkh pdjqlwxgh ri wkh wdlo lqgh{/ uhfhqw vwdqgdug
dssolfdwlrqv pd| kdyh ryhuhvwlpdwhg +xqghuhvwlpdwhg, wkh ulvn ri dvvhwv zlwk orz
+kljk, ghjuhhv ri idw0wdlohgqhvv1
Nh| Zrugv= idw0wdlov/ wdlo lqgh{ ri vwdwlrqdu| pdujlqdo glvwulexwlrqv/ Kloo hvwl0
pdwru/ plqlpdo DPVH
MHO Fodvvlfdwlrq=F 4 6 /F 4 741 Lqwurgxfwlrq
Hduo| hpslulfdo vwxglhv rq wkh ehkdylru ri vshfxodwlyh dvvhw sulfhv grfxphqw idw0
wdlov lq xqfrqglwlrqdo uhwxuq glvwulexwlrqv> vhh iru h{dpsoh Eodwwehuj dqg Jrqhghv
+4<:7,1 Wkh hhfwv ri qrq0qrupdolw| ri wkh glvwulexwlrq ri uhwxuqv uhjxoduo| jhwv
sxeolf dwwhqwlrq dw wkh wlph ri hyhqwv vxfk dv wkh pdunhw fudvk ri 4<;:4/w k h
vr0fdoohg plql0fudvk lq 4<;</ wkh Dvldq fulvlv lq 4<<: dqg wkh qdqfldo fulvlv lq
Uxvvld lq 4<<;1 Dovr/ ydulrxv uhfhqw fdvhv ri lqglylgxdo qdqfldo glvwuhvv dgg
|hw pruh hylghqfh wkdw wkh rqfh lq d kxqguhg |hdu0hyhqwv dffruglqj wr wkh
qrupdo prgho kdyh lq idfw ehhq rffxuulqj pxfk pruh iuhtxhqwo|1 Wklv revhuydwlrq
kdv uh0hpskdvl}hg krz lpsruwdqw fduhixo prghoolqj ri h{wuhph qdqfldo uhwxuqv
lv wr qdqfldo ulvn pdqdjhphqw dssolfdwlrqv1 H{wuhph ydoxh wkhru| surylghv d
vwdwlvwlfdo iudphzrun fkdudfwhul}lqj wkh dv|pswrwlf h{wuhpdo fkdudfwhulvwlfv ri
vwdwlrqdu| glvwulexwlrqv1 Wkh wkhru| doorzv xv wr pdnh lqihuhqfhv derxw uhwxuq
glvwulexwlrqv qrw rqo| zlwklq/ exw dovr eh|rqg/ wkh revhuyhg udqjh ri vdpsoh
uhwxuqv dqg wr rewdlq dq dghtxdwh fkdudfwhul}dwlrq ri wkh h{wuhpdo ehkdylru ri
uhwxuqv1 Wr wklv hqg/ hvwlpdwlrq ri wkh vr0fdoohg wdlo lqgh{ lv hvvhqwldo/ iru zklfk
wkhru| rhuv d ydulhw| ri glhuhqw dssurdfkhv15 W k hs u h v h q ws d s h uf r q w u l e x w h vw r
wkh prghoolqj ri idw0wdlohg qdqfldo glvwulexwlrqv e| h{dplqlqj wkh vpdoo vdpsoh
surshuwlhv ri vhpl0sdudphwulf hvwlpdwruv ri wkh wdlo lqgh{1
Wkh wdlo lqgh{ hvwlpdwlrq dssurdfkhv zklfk zh h{dplqh khuh duh edvhg rq
wkh vhplqdo zrun ri Kloo +4<:8,1 Wkh Kloo hvwlpdwru lv hvwdeolvkhg dv rqh ri wkh
prvw vxlwdeoh iru qdqfldo dssolfdwlrqv= wkh vhpl0sdudphwulf hvwlpdwlrq dssurdfk
lv edvhg rq wkh dvvxpswlrq wkdw wkh xqghuo|lqj glvwulexwlrq lv lq wkh pd{lpxp
grpdlq ri dwwudfwlrq ri wkh Iuìfkhw h{wuhph ydoxh glvwulexwlrq1 Wklv jhqhudoo|
krogv iru idw0wdlohg glvwulexwlrqv dv dqdo|}hg lq qdqfh1 Xqolnh iru h{dpsoh wkh
hvwlpdwlrq dssurdfk edvhg rq wkh jhqhudol}hg h{wuhph ydoxh glvwulexwlrq/ wkh dv0
vxpswlrq grhv qrw uhtxluh wkdw h{dfw dv|pswrwlf olplwv duh phw1 Krzhyhu/ wkh
Kloo hvwlpdwru lv rqo| rswlpdo xqghu lqghshqghqw gudzv iurp dq h{dfw Sduhwr glv0
wulexwlrq1 Lq qdqfldo dssolfdwlrqv wkh hvwlpdwru kdv wr eh urexvw zlwk uhvshfw
wr ghyldwlrqv iurp wkh Sduhwr prgho dqg wkh fkrlfh ri dq dssursuldwh vxevdpsoh
4Dv Uxelqvwhlq +4<<7, dqg vxevhtxhqw dxwkruv vxjjhvw/ vxfk hyhqwv kdyh ohg pdunhw sduwlf0
lsdqwv wr dgmxvw wkhlu shufhswlrqv ri vwrfn uhwxuq glvwulexwlrqv zklfk kdg d vxevwdqwldo lpsdfw
rq ghulydwlyhv pdunhw sulfhv1
5H{wuhph ydoxh wkhru| wrjhwkhu zlwk qdqfldo dssolfdwlrqv lv rxwolqhg lq Hpeuhfkwv hw do1
+4<<:,1 Vwxglhv ri wkh wdlo lqgh{ ri uhwxuq glvwulexwlrqv lqfoxgh Nrhglmn hw do1 +4<<3,/ Gdfrurjqd
hw do1 +4<<8,/ Gdqlhovvrq dqg gh Yulhv +4<<:d,/ Kxlvpdq hw do1 +4<<:,/ Mrqghdx dqg Urfnlqjhu
+4<<<,/ Ox{ +5333,/ dqg PfQhlo dqg Iuh| +5333,1
4ri revhuydwlrqv iurp wkh wdlo ri wkh uhwxuq glvwulexwlrq lv hvvhqwldo wr wkh hvwlpd0
wru*v eldv2yduldqfh wudgh0r1 Ixuwkhupruh/ dv uhwxuqv w|slfdoo| glvsod| qrqolqhdu
ghshqghqfh/ lw lv ghvludeoh wkdw wkh hvwlpdwru lv dovr urexvw zlwk uhvshfw wr wkh
lqghshqghqfh dvvxpswlrq1 Dorqj zlwk ghyldwlrqv iurp wkh Sduhwr prgho dqg gh0
shqghqfh lq uhwxuqv/ wkh uhvxowv ri uhfhqw dssolfdwlrqv ri wkh Kloo hvwlpdwru lq
qdqfh ohdyh vrph urrp iru lqwhusuhwdwlrq1 Wkh rswlpdo fkrlfh ri wkh qxpehu ri
wdlo revhuydwlrqv lv vxemhfw wr d ydulhw| ri glhuhqw dgdswlyh dssurdfkhv dqg uhod0
wlyho| olwwoh lv nqrzq derxw wkh vpdoo vdpsoh surshuwlhv ri wkh wdlo lqgh{ hvwlpdwruv
xqghu DUFK0w|sh ghshqghqfh1 Frqvlghulqj wkhvh srlqwv/ rxu sdshu surylghv d
vlpxodwlrq vwxg| ri wkh vpdoo vdpsoh shuirupdqfh ri uhfhqwo| vxjjhvwhg dgdswlyh
hvwlpdwlrq surfhgxuhv1
Suhylrxv slrqhhulqj vlpxodwlrq vwxglhv rq wdlo lqgh{ hvwlpdwlrq lq qdqfh/
lqfoxglqj Ghzdfkwhu dqg Jlhohqv +4<<7, dqg Nhduqv dqg Sdjdq +4<<:,/ glg qrw
dgguhvv dgdswlyh vhohfwlrq fulwhuld1 Krzhyhu/ vxfk remhfwlyh fulwhuld iru wkh fkrlfh
ri wkh qxpehu ri wdlo revhuydwlrqv duh khosixo iru mxgjlqj hvwlpdwlrq shuirupdqfh/
dv iru h{dpsoh lq Gdfdurjqd hw do1 +4<<8, dqg Kxlvpdq hw do1 +4<<:,1 Dovr/
dowkrxjk wkh jhqhudol}hg dxwruhjuhvvlyh frqglwlrqdo khwhurvnhgdvwlflw| +JDUFK,
prgho lv surplqhqw iru wlph ydu|lqj frqglwlrqdo yduldqfh lq qdqfh/ uhvxowv rq
wkh ehkdylru ri hvwlpdwhv ri wkh wdlo lqgh{ xqghu wklv w|sh ri ghshqghqfh duh
vsduvh +vhh Gdqlhovvrq dqg gh Yulhv +4<<:e, iru dq h{fhswlrq,1 Wkh vwxglhv ri wkh
shuirupdqfh ri errwvwuds yhuvlrqv ri wkh Kloo hvwlpdwru jlyhq lq Gdfdurjqd hw do1
+4<<8, duh edvhg rq lqghshqghqw gdwd1 Guhhv dqg Ndxipdqq +4<<;, dqg Guhhv
hw do1 +5333, ghulyh d vhtxhqwldo dqg d Kloo sorw0edvhg dgdswlyh hvwlpdwru dqg
vlpxodwh vdpsolqj surshuwlhv xqghu lqghshqghqw udqgrp yduldeohv1
Lq wklv sdshu/ wkh ehkdylru ri wkuhh glhuhqw dgdswlyh yhuvlrqv ri wkh Kloo hvwl0
pdwru dqg d prphqw udwlr hvwlpdwru duh vwxglhg xqghu wkuhh glhuhqw edvh prghov
ri wkh uhwxuq jhqhudwlqj surfhvv1 Wkh fkrvhq uhwxuq prghov lqfoxgh vwdwlrqdu| vwd0
eoh dqg vwxghqw0w glvwulexwlrqv dv zhoo dv wkh JDUFK+4/4, prgho1 Rxu uhvxowv
lqglfdwh wkdw= +l, vhpl0sdudphwulf wdlo lqgh{ hvwlpdwlrq idlov iru doo vwdeoh uhwxuq
prghov frqvlghuhg/ qrw rqo| iru wkh qrupdo glvwulexwlrq zkhuh idloxuh lv qdwxudo
vlqfh wkh odwwhu lv qrw lq wkh pd{lpxp grpdlq ri dwwudfwlrq ri wkh Iuìfkhw glv0
wulexwlrq1 Khqfh/ wkh wdlo lqgh{ hvwlpdwlrq whfkqltxhv vkrxog eh xvhg xqghu wkh
d sulrul dvvxpswlrq ri wkh h{lvwhqfh ri wkh vhfrqg prphqw ri wkh xqghuo|lqj glv0
wulexwlrq exw qrw lq rughu wr pdnh lqihuhqfhv derxw wkh h{lvwhqfh ri prphqwv lq
wkh uvw sodfh> +ll, wkh eldv2yduldqfh wudgh0r lv jhqhudoo| lpsruwdqw lq wdlo lqgh{
hvwlpdwlrq ehfdxvh xqohvv doo gdwd duh jhqhudwhg e| dq h{dfw Sduhwr prgho/ wkh
Kloo hvwlpdwru lv idu iurp rswlpdo lq d ehvw xqeldvhg hvwlpdwru vhqvh1 Lq idfw/
5rxu vlpxodwlrq uhvxowv lqglfdwh wkdw/ hyhq lq d phdq vtxduhg huuru vhqvh/ wkh Kloo
hvwlpdwru lv qrw wkh ehvw dydlodeoh dowhuqdwlyh wr vhpl0sdudphwulf wdlo lqgh{ hvwl0
pdwlrq iru qdqfldo dssolfdwlrqv> +lll, phdq vtxduhg hvwlpdwlrq huuru fdq uhpdlq
vxevwdqwldo hyhq lq uhodwlyho| odujh gdwd vhwv zkhq wkh gdwd duh qrw lqghshqghqw/
vr wkdw wkh xvh ri kljk iuhtxhqf| gdwd vdpsolqj lqwhuydov pd| frph dw d frvw
zkhq kljk iuhtxhqf| gdwd vkrz vwurqjhu ghyldwlrqv iurp wkh llg fdvh wkdq orzhu
iuhtxhqf| gdwd> +ly, wkh vxshulrulw| ri vlqjoh dssurdfkhv wr dgdswlyh wdlo lqgh{
hvwlpdwlrq ghshqgv rq wkh pdjqlwxgh ri wkh wdlo lqgh{ ri wkh xqghuo|lqj uhwxuq
prgho dqg wkh uhodwhg hvwlpdwlrq eldv1 Qr vlqjoh dgdswlyh dssurdfk xqlirupo|
grplqdwhv lq wkh vhwwlqjv vwxglhg/ zklfk pdnhv lw gl!fxow wr jlyh vwudljkwiruzdug
uhfrpphqgdwlrqv/ exw wkh errwvwuds dqg wkh Kloo sorw0edvhg phwkrgv vhhp wr eh
wkh prvw surplvlqj fdqglgdwhv> +y, JDUFK hhfwv lqfuhdvh hvwlpdwru yduldqfh
+zklfk rqh h{shfwv gxh wr wkh hhfw ri yrodwlolw| foxvwhulqj,/ exw vxusulvlqjo| gr
qrw vxevwdqwldoo| lqfuhdvh phdq vtxduhg hvwlpdwlrq huuru vlqfh hvwlpdwlrq eldv
kdsshqv wr eh uhgxfhg xqghu wkh prghov vwxglhg> +yl, wkh uhvxowv vkrz wkdw wkh
pdjqlwxgh dqg wkh vljq ri wkh hvwlpdwlrq eldv lv uhodwhg wr wkh vl}h ri wkh wdlo
lqgh{  lq sduwlfxodu xqghu JDUFK/ wkhuh lv d whqghqf| wr ryhuhvwlpdwh vpdoo
wdlo lqglfhv dqg wr xqghuhvwlpdwh odujh wdlo lqglfhv1 L qy l h zr iw k l vu h v x o w /z h
eholhyh wkdw hpslulfdo lqyhvwljdwlrqv lq wkh olwhudwxuh lqglfdwlqj d uhodwlyho| vpdoo
udqjh ri hvwlpdwhg wdlo lqglfhv vkrxog eh uhlqwhusuhwhg= lqvwhdg ri wdnlqj wkh vpdoo
udqjh dv hylghqfh ri txlwh vlplodu wdlo fkdudfwhulvwlfv/ wkh qglqj pd| vlpso| eh
gxh wr wkh vwdwlvwlfdo whqghqf| wr xqghuhvwlpdwh wkh glhuhqfh ehwzhhq wkh wuxh
wdlo lqglfhv1
Wkh rujdql}dwlrq ri wkh uhpdlqghu ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 jlyhv wkh
phwkrgrorjlfdo edfnjurxqg1 Wklv lqfoxghv d uhylhz ri h{wuhph ydoxh dv|pswrwlfv/
wkh Kloo hvwlpdwru/ d vhohfwlrq ri dgdswlyh phwkrgv iru Kloo hvwlpdwlrq dqg uhvxowv
rq wkh wdlo lqgh{ ri DUFK0w|sh uhwxuq prghov1 Wkh dgdswlyh phwkrgv xvhg lq rxu
vwxg| lqfoxgh vhtxhqwldo/ errwvwuds dqg Kloo sorw0edvhg dssurdfkhv1 Wkh fkrvhq
uhwxuq prghov dqg wkh uhvxowv ri wkh vlpxodwlrq vwxg| duh suhvhqwhg lq Vhfwlrq 61
Wkh sdshu hqgv zlwk frqfoxglqj uhpdunv lq Vhfwlrq 71
51 Wkh Phwkrgrorjlfdo Edfnjurxqg
5141 H{wuhph Ydoxh Wkhru|
Fodvvlfdo h{wuhph ydoxh wkhru| lv frqfhuqhg zlwk wkh dv|pswrwlf glvwulexwlrq ri
vwdqgdugl}hg pd{lpd iurp d vhulhv ri lqghshqghqw dqg lghqwlfdoo| glvwulexwhg
6+llg, udqgrp yduldeohv E-|$|$A zlwk d frpprq glvwulexwlrq ixqfwlrq 81I r u
jlyhq qrupdol}lqj frqvwdqwv/ @A : fcK A 5U /d q g A '4 @  E -  cc-Ac wkh
fodvvlfdo uhvxow e| Ilvkhu2Wlsshww dqg Jqhghqnr vwdwhv wkdw li M h{lvwv dv wkh
qrq0ghjhqhudwh glvwulexwlrqdo olplw ri wkh vwdqgdugl}hg pd{lpxp
hi@
3
A EA  KA  oj ' 8
AE@Ao n KA $ M Eo dv A $ 4c +414,
wkhq MEo lv htxdo wr rqh ri wkuhh glhuhqw w|shv ri h{wuhph ydoxh glvwulexwlrqv1






c iru 1 9'f
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c +415,
zkhuh n1o : f Wkh vkdsh sdudphwhu/ 1 5 U/ dovr ghqrwhg dv wdlo lqgh{/
fkdudfwhul}hv wkh h{wuhpdo ehkdylru ri wkh glvwulexwlrq ixqfwlrq1
Frqglwlrq +414, vwdwhv wkdw 8 ehorqjv wr wkh pd{lpxp grpdlq ri dwwudfwlrq
ri M1/ 8 5 (EM1 Idw0wdlohg glvwulexwlrq ixqfwlrqv/ zklfk duh ri lqwhuhvw lq
qdqfldo dssolfdwlrqv/ sduwlfxoduo| ehorqj wr wkh pd{lpxp grpdlq ri dwwudfwlrq
ri wkh Iuìfkhw w|sh h{wuhph ydoxh glvwulexwlrq/ 8 5 (Ex1/z k h u h =x 1E o '
i TEo3*1co: f c1: f 1 Iurp d wkhruhp e| Jqhghqnr/ lw lv zhoo0nqrzq wkdw
wkh frqglwlrq 8 5 (Ex1 lv vdwlvhg li dqg rqo| li wkh wdlo 8Eo'8 E o 
ri wkh glvwulexwlrq ixqfwlrq 8 lv uhjxoduo| ydu|lqj dw lqqlw| zlwk sdudphwhu
*1 	 fc l1h1
8Eo'u E o  o
3  *1co : f c +416,
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5151 Vhpl0sdudphwulf Wdlo Lqgh{ Hvwlpdwlrq
Wkh deryh uhvxow ghprqvwudwhv wkdw wkh xsshu6 wdlo ri d idw0wdlohg glvwulexwlrq
ixqfwlrq 8 ehkdyhv dv|pswrwlfdoo| olnh wkh wdlo ri wkh Sduhwr glvwulexwlrq C jlyhq
e| CEo'So3*1/ S:f c1:f 1 Edvhg rq wkh rughu vwdwlvwlfv/ -AcA 
6Wkh irfxv rq wkh xsshu wdlo lv dq duelwudu| fkrlfh1 Wkh uhvxowv ri Vhfwlrq 514 krog htxlydohqwo|
iru wkh orzhu wdlo vlqfh plq+U4>===>UW,@ pd{+U4>===>UW,=







*?-cA  *?-&cAc +417,
zlwk & ' A1
515141 Dv|pswrwlf Wdlo Ehkdylru= Zkhuh grhv wkh Wdlo ehjlqB
Dv wkh E-|$|$A kdyh d frpprq glvwulexwlrq ixqfwlrq 8c qrw Cc wkh xvxdo rswl0
pdolw| ri wkh POH +417, grhv qrw dsso|1 D vxevdpsoh iudfwlrq & ' &EA 	Akdv
wr eh vhohfwhg/ l1h1 rqo| odujh revhuydwlrqv zloo eh xvhg lq wkh fdofxodwlrq ri e 1 Wkh
qxpehu &EA ri rughu vwdwlvwlfv xvhg vkrxog lqfuhdvh zlwk wkh ryhudoo vdpsoh vl}h
A/ zkloh rq wkh rwkhu kdqg/ lw vkrxog eh vpdoo uhodwlyh wr wkh ryhudoo vdpsoh vl}h
A Lq wkh olwhudwxuh wklv lv iuhtxhqwo| pdgh suhflvh e| wkh dv|pswrwlf frqglwlrq
&EA $ 4c& E A  *A $ fc dv A $ 4 +418,
Xqghu prgho +416, dqg frqglwlrq +418,/ wkh Kloo hvwlpdwru fdq eh vkrzq wr
kdyh iroorzlqj surshuwlhv= +l, wkh hvwlpdwru lv frqvlvwhqw +vhh Hpeuhfkwv hw do1
+4<<:,/ H{dpsoh 714145,> +ll, xqghu dgglwlrqdo dvvxpswlrqv rq wkh dv|pswrwlf
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2c +419,
zkhuh 1 ghqrwhv vrph dv|pswrwlf eldv whup> +lll, wkh Kloo hvwlpdwru rewdlqv d
wkhruhwlfdoo| ghulyhg rswlpdo udwh ri frqyhujhqfh/ ehlqj vxshulru wr rwkhu srsxodu
hvwlpdwruv sursrvhg lq wkh olwhudwxuh +Guhhv +4<<;,,1
Vhyhudo dssurdfkhv wr wkh dxwrpdwhg ghwhuplqdwlrq ri dq rswlpdo vdpsoh iudf0
wlrq &EA iru wkh Kloo hvwlpdwru kdyh ehhq vwxglhg1 Wkhruhwlfdo uhvxowv rq dq rs0
wlpdo eldv2yduldqfh wudgh0r fdq eh ghulyhg xvlqj wkh dv|pswrwlf phdq vtxduhg
huuru +DPVH, dv wkh rswlpdolw| fulwhulrq1 Wkh uhvxowv duh edvhg rq wkh vr0fdoohg
Kdoo prgho/ zklfk irupv d jhqhudol}dwlrq ri wkh Sduhwr prgho1 Lw lpsrvhv d vhfrqg
rughu frqglwlrq rq wkh dv|pswrwlf ehkdylru ri wkh wdlo ri wkh glvwulexwlrq ixqfwlrq
8 E| dvvxplqj uEo'S 

nS 2o 3 4*1 n JEo34*1

lq +416, lw iroorzv wkdw
8Eo'S o
3  *1 
nS 2o
3 4*1 n JEo
34*1

c dv o $4 c +41:,
8zkhuh S : fcS 25Udqg 4:f 1 Wkh deryh prgho jlyhv dq dv|pswrwlf fkdudfwhu0
l}dwlrq ri wkh wdlo ri wkh xqghuo|lqj glvwulexwlrq dqg dw wkh vdph wlph urexvwlhv
wkh vhpl0sdudphwulf hvwlpdwlrq dssurdfk djdlqvw ghyldwlrqv iurp wkh h{dfw Sduhwr
wdlo1 Wkh prgho txlwh jhqhudoo| krogv iru wkh zhoo0nqrzq glvwulexwlrq ixqfwlrqv
vxfk dv wkh Iuìfkhw/ wkh vwxghqw0w dqg wkh v|pphwulf k vwdeoh1
Zh frqvlghu wkuhh Kloo0edvhg dqg rqh prphqw udwlr dssurdfk wr dgdswlyh wdlo
lqgh{ hvwlpdwlrq1 Wkh uvw wkuhh sursrvdov uho| rq prgho +41:,/ zkloh wkh irxuwk lv
d irupdol}hg khxulvwlfdo fulwhulrq vxssruwhg e| wkhruhwlfdo uhvxowv1 Wkh hvwlpdwlrq
dssurdfkhv duh eulh | suhvhqwhg lq wkh iroorzlqj1
 Guhhv dqg Ndxipdqq +4<<;, ghulyh d vhtxhqwldo hvwlpdwru ri wkh rswlpdo & e|
h{whqglqj suhylrxv wkhruhwlfdo zrun rq wkh dv|pswrwlf eldv dqg yduldqfh ri
wkh Kloo hvwlpdwru1 D vwrsslqj wlph fulwhulrq iru d vhtxhqfh ri Kloo hvwlpdwruv
lv xvhg lq rughu wr dssur{lpdwh wkh qxpehu ri xsshu rughu vwdwlvwlfv & xqghu
zklfk wkh eldv lq wkh Kloo hvwlpdwru vwduwv wr grplqdwh wkh pd{lpxp udqgrp
 xfwxdwlrq ri wkh vhulhv
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Wkh vhfrqg rughu sdudphwhu 4 lq +41:, lv hlwkhu vhw htxdo wr d frqvwdqw ru






















zkhuh b 5 Efc dqg d%o ghqrwhv wkh odujhvw lqwhjhu vpdoohu ru htxdo wr
%1W k h q /i r udj l y h q4dqg d frqvlvwhqw lqlwldo hvwlpdwru ri 1/df r q v l v w h q w
hvwlpdwru ri wkh rswlpdo & lv ghulyhg1 Wkh surfhgxuh |lhogv d Kloo hvwlpdwru
zlwk plqlpdo dv|pswrwlf PVH +Guhhv dqg Ndxipdqq +4<<;,/ Wkhruhp 4,1
 Gdfdurjqd hw do1 +4<<8, dv zhoo dv Gdqlhovvrq hw do1 +4<<:, dqg Gdqlhovvrq
dqg gh Yulhv +4<<:d/ e, xvh d vxevdpsoh errwvwuds dssurdfk e| Kdoo +4<<3,
wr hvwlpdwh wkh rswlpdo vdpsoh iudfwlrq1 Wkh dssurdfk lv edvhg rq errw0
vwuds vxevdpsohv ri vl}h A 	A Wkh hvwlpdwh ri wkh rswlpdo vxevdpsoh
9iudfwlrq fdq eh ghulyhg iurp
e & '@ h } 4  ?










zkhuh W ghqrwhv hvwlpdwhv edvhg rq uhvdpsohv gudzq iurp E-cc-A h 1A
ghqrwhv d frqvlvwhqw lqlwldo Kloo hvwlpdwru1 Wkh h{shfwdwlrq rshudwru lv ds0
sur{lpdwhg e| d jlyhq qxpehu ri errwvwuds uxqv1 Lqvwhdg ri dsso|lqj wkh
errwvwuds wr wkh PVH ri wkh Kloo hvwlpdwru gluhfwo| dv lq +41<,/ dq dv|pswrw0
lfdoo| htxlydohqw fulwhulrq zklfk grhv qrw ghshqg rq wkh fkrlfh ri dq lqlwldo
hvwlpdwru lv sursrvhg lq Gdqlhovvrq hw do1 +4<<:,1 Wkhlu errwvwuds hvwlpdwh
lv jlyhq e|7






















Wkh hvwlpdwh iru wkh rswlpdo ryhudoo vdpsoh iudfwlrq &JR| f d qw k h q+ p r v w








Djdlq/ wkh vhfrqg rughu sdudphwhu 4 lv hlwkhu hvwlpdwhg e| htxdwlrq +41;,
ru vhw htxdo wr d frqvwdqw1
 Ydulrxv jhqhudol}dwlrqv ri wkh Kloo hvwlpdwru kdyh ehhq sursrvhg lq wkh olw0







7Lq fdvh wkh pd{lpxp vdpsoh uhdol}dwlrq lv gudzq dw ohdvw wzlfh lq d errwvwuds uhvdpsoh/
wkh PVH htxlydohqw fulwhulrq +4143, |lhogv d }hur ydoxh iru n @4+dqg srvvleo| iru nA4,/
zkhuhdv wkh PVH fulwhulrq +41<, |lhogv wkh vtxduhg lqlwldo hvwlpdwru1 Zh hqwhu wkh vtxduhg
lqlwldo hvwlpdwru ydoxh lq wklv fdvh1
:pd| eh d xvhixo dssurdfk iru qdqfldo dssolfdwlrqv1 Gdqlhovvrq hw do1 +4<<9,
srlqw rxw wkdwe 1
6
&cA kdv orzhu dv|pswrwlf +devroxwh, eldv wkdq wkh Kloo hvwlpd0
wru e 1&cA1 Hydoxdwhg dw wkhlu uhvshfwlyh DPVH0plqlpl}lqj &v/ wkh prphqw
udwlr hvwlpdwru fdq qrw rqo| kdyh orzhu eldv exw dovr orzhu DPVH wkdq wkh
Kloo hvwlpdwru/ ghshqglqj rq wkh wdlo lqgh{ dqg wkh vhfrqg rughu sdudphwhu
ri wkh xqghuo|lqj glvwulexwlrq ixqfwlrq +gh Kddq dqg Shqj +4<<;,,1 Zh sur0
srvh wkh vxevdpsoh errwvwuds dssurdfk dqg hvwlpdwh wkh rswlpdo vdpsoh
iudfwlrq &6
JR| iru wkh prphqw udwlr hvwlpdwru e| htxdwlrq +41<,1
 Jxlghg e| wkh iuhtxhqwo| uhfrpphqghg dssurdfk ri fkrrvlqj dq hvwlpdwh ri
wkh wdlo lqgh{ zlwklq d vwdeoh uhjlrq ri wkh Kloo sorw iE&ce 1&cAG&Aj c
Guhhv hw do1 +5333, sursrvh d pd{lpdo rffxsdwlrq wlph Kloo hvwlpdwru1 Lw fdq
eh vkrzq wkdw wkh vr0fdoohg dowhuqdwlyh Kloo sorw/ iEwce 1dAwocAGfw j /
|lhogv vxshulru uhvxowv li wkh xqghuo|lqj glvwulexwlrq lv qrw h{dfwo| Sduhwldq1
Wkh sursrvhg frqvlvwhqw pd{lpdo rffxsdwlrq wlph hvwlpdwru lv jlyhq e|




tdAwo*2me 1dAwocA31m$6h 1A_wc +4146,
zlwk dq xsshu erxqgdu| f 	 w	dqg d vfdolqj frqvwdqw 6:f Wkh
sdudphwhu h 1A ghqrwhv d frqvlvwhqw lqlwldo Kloo hvwlpdwru zklfk lv xvhg dv dq
hvwlpdwh ri wkh vwdqgdug ghyldwlrq ri wkh Kloo sorw1
515151 Wkh Wdlo Lqgh{ iru DUFK0w|sh Uhwxuq Vhulhv
Zh qrz frqvlghu wkh fdvh zkhuh wkh E-|$|$A duh qrw qhfhvvdulo| lqghshqghqw
exw kdyh d vwdwlrqdu| pdujlqdo glvwulexwlrq ixqfwlrq 81 JDUFK lv d zhoo0nqrzq
prgho fodvv iru qrq0olqhdu ghshqghqfh lq qdqfldo wlph vhulhv1 Dvvxplqj d frq0
vwdqw uhwxuq h{shfwdwlrq dqg h{fhvv uhwxuqv zlwk d frqglwlrqdo wlph0ydu|lqj ydul0
dqfh j2
|c wkh surplqhqw JDUFK+4/4, surfhvv kdv wkh uhsuhvhqwdwlrq=
-| ' j|~|cj
2
| ' q f n q  -
2
| 3  n q 2 j
2
| 3  cq f cqcq2 f +4147,
Wkh udqgrp yduldeohv ~| duh vwdqgdugl}hg llg gudzv iurp vrph v|pphwulf/ srvvl0
eo| idw0wdlohg/ glvwulexwlrq ixqfwlrq zlwk ghqvlw| }E5GU:$ U
n1 Dv rxwolqhg iru
h{dpsoh lq Plnrvfk dqg Vw dulf d +4<<;,/ d vwdwlrqdu| pdujlqdo glvwulexwlrq 8 iru






 }E5_5 	 fcq f : f  +4148,
;Lw fdq wkhq eh vkrzq wkdw wkh wdlo lqgh{ ri 8 lv jlyhq dv d vroxwlrq wr dq lqwhjudo
htxdwlrq xqghu zklfk lw iroorzv wkdw= 8Eo  So3*1 dv o $4 Iru wkh DUFK+4,
surfhvv/ dqdo|wlfdo vroxwlrqv duh rewdlqdeoh1 Iru wkh JDUFK+4/4, surfhvv/ wkh








21 }E5_5  'f c1 : f  +4149,
Xqghu frqglwlrq +418,/ frqvlvwhqf| ri wkh Kloo hvwlpdwru fdq eh pdlqwdlqhg wkh0
ruhwlfdoo| xqghu DUFK0w|sh prghov> vhh Uhvqlfn dqg Vw dulf d +4<<;,1 Dovr/ wkh
uhvxowv e| Kvlqj +4<<4, lqglfdwh wkdw wkh Kloo hvwlpdwru lv dv|pswrwlfdoo| txlwh
urexvw zlwk uhvshfw wr ghyldwlrqv iurp lqghshqghqfh1 Krzhyhu/ wkhuh uhpdlq
rshq txhvwlrqv= wkh vdpsolqj ehkdylru ri wkh Kloo hvwlpdwru lq vpdoo vdpsohv xq0
ghu DUFK0w|sh ghshqghqfh lv xqnqrzq1 Khqfh/ wkh dv|pswrwlf qrupdolw| uhvxow
+419, rqo| jlyhv d fuxgh dssur{lpdwlrq wr lwv eldv dqg vwdqgdug huuru1 Lq sduwlf0
xodu/ DUFK hhfwv fdxvh foxvwhulqj lq wkh h{wuhphv ri wkh surfhvv +4147,1 Wklv
srwhqwldoo| fdxvhv wkh hvwlpdwlrq huuru iru d jlyhq vdpsoh vl}h wr eh odujhu wkdq
lw zrxog eh xqghu lqghshqghqfh1 Dovr/ olwwoh lv nqrzq derxw krz DUFK0w|sh
ghshqghqfh lq xhqfhv wkh eldv frpsrqhqw ri wkh hvwlpdwru dqg wkh eldv2yduldqfh
wudgh0r xqghu wkh dgdswlyh vxevdpsoh vhohfwlrq fulwhuld1
61 Vlpxodwlrq Vwxg|
Lq rughu wr fkdudfwhul}h wkh vpdoo vdpsoh surshuwlhv ri wkh ydulrxv dgdswlyh Kloo
hvwlpdwruv suhvhqwhg deryh/ zh vwxg| wkh hvwlpdwruv* huuru glvwulexwlrqv dqg sdu0
wlfxoduo| wkhlu urrw phdq vtxduhg huuru lq d vhulhv ri Prqwh Fduor vlpxodwlrqv1
Zlwkrxw orvv ri jhqhudolw|/ wkh vdpsoh vl}h A zloo eh ghqhg dv wkh qxpehu ri
srvlwlyh vdpsoh revhuydwlrqv1 Zh h{sorlw wkh surshuw| wkdw doo rxu uhwxuq prghov
duh edvhg rq glvwulexwlrq ixqfwlrqv zklfk duh v|pphwulf durxqg }hur e| vlpxodwlqj
A revhuydwlrqv dqg wdnlqj devroxwh ydoxhv1 Wkh fruuhvsrqglqj ryhudoo vdpsoh vl}h
lv wkhq rq dyhudjh  '2 AWklv uhihuv wr wkh w|slfdo dssolfdwlrq/ zkhuh/ revhuylqj
dv d p s o hr iuhwxuqv iurp d glvwulexwlrq zklfk lv qrw qhfhvvdulo| v|pphwulf/ rqh
lv lqwhuhvwhg lq vhsdudwh lqihuhqfhv derxw hdfk ri erwk wdlov ri wkh xqghuo|lqj
uhwxuq glvwulexwlrq1
6141 Hvwlpdwru Vhwwlqjv dqg Ghqlwlrqv
Wkh dgdswlyh hvwlpdwruv wkdw zhuh rxwolqhg lq Vhfwlrq 515 uhtxluh wkh fkrlfh ri
vhyhudo yduldeohv/ zkhuh zh uho| rq wkh vxjjhvwlrqv pdgh lq wkh olwhudwxuh dv idu





AocAA*e iru wkh vhtxhqwldo Kloo hvwlpdwru1 Wkh vhfrqg rughu sdudphwhu
4 lq wkh dv|pswrwlf wdlo h{sdqvlrq +41:, lv hlwkhu vhw htxdo wr 4/ jlylqj wkh Kloo
hvwlpdwru K0GNFc ru hvwlpdwhg e| +41;, zlwk b 'f  S cjlylqj wkh hvwlpdwru
K0GNH1 Vhwwlqj 4 htxdo wr d frqvwdqw lv dgylvdeoh iru prghudwh vdpsoh vl}hv
dv/ rq wkh rqh kdqg/ wkh hvwlpdwruv ri wkh vhfrqg rughu sdudphwhu whqg wr eh
udwkhu xqvwdeoh +vhh Gdqlhovvrq dqg gh Yulhv +4<<:d, dqg Guhhv dqg Ndxipdqq
+4<<;,, dqg/ rq wkh rwkhu kdqg/ gr qrw vhhp wr kdyh d odujh lq xhqfh rq wkh
uhvxowv +vhh Gdfdurjqd hw do1 +4<<8,,1 Iru wkh errwvwuds dssurdfk zh fkrrvh wkh
vxevdpsoh vl}hv A 'd A*fo dv lq Gdqlhovvrq dqg gh Yulhv +4<<:d, dqg lq Mrqghdx{
dqg Urfnlqjhu +4<<<,1 Wkh dv|pswrwlfdoo| PVH0htxlydohqw fulwhulrq sursrvhg e|
Gdqlhovvrq hw do1 +4<<:, lv fkrvhq/ zklfk |lhogv dq rswlpdo vxevdpsoh iudfwlrq
dffruglqj wr +4143,1 Kdqgolqj wkh vhfrqg rughu sdudphwhu 4 dv lq wkh Guhhv dqg
Ndxipdqq dssurdfk/ +4144, jlyhv wkh hvwlpdwhg rswlpdo vdpsoh iudfwlrq dqg wkh
hvwlpdwruv K0EVF iru frqvwdqw 4 'dqg K0EVH iru e 4 dffruglqj wr +41;,1
Iru wkh Guhhv hw do1 +5333, pd{lpxp rffxsdwlrq wlph hvwlpdwru/ wkh frqwlqxrxv
sdudphwhu w lv dssur{lpdwhg e| d julg zlwk vwhsvl}h ffDc zkhuh wkh xsshu erxqg
w '* ? E d A*2o**?EA fruuhvsrqgv wr &  dA*2o Wrjhwkhu zlwk wkh vfdolqj frqvwdqw
6 ' cwklv ghqhv wkh K0PRW hvwlpdwh1 Wkh lqlwldo hvwlpdwru/ h 1A ' e 1d2
I
AocAc
lv jlyhq dv d qdlyh/ dv|pswrwlfdoo| vxerswlpdo/ dowhuqdwlyh hvwlpdwru odehoohg K0
LQL1
Zh dovr frqvlghu vlpxodwlrq uhvxowv iru wkh prphqw udwlr hvwlpdwru +4145,1 Wkh
lqlwldo prphqw udwlr hvwlpdwru P0LQL lv fkrvhq dv h 1
6




AocA1 P 0 E V K F 
dqg P0EVKH uhsuhvhqw wkh prphqw udwlr hvwlpdwruv edvhg rq wkh rswlpdo &
iurp wkh errwvwuds uhvxowv iru wkh Kloo hvwlpdwru +K0EVF dqg K0EVH,1 Wkhvh
wzr hvwlpdwhv doorz d frpsdulvrq ri wkh Kloo dqg wkh prphqw udwlr hvwlpdwruv
jlyhq dq lghqwlfdo vhohfwlrq ri wkh qxpehu ri xsshu rughu vwdwlvwlfv1 Wkh PVH
errwvwuds +41<, zlwk h 1
6
A dv frqvlvwhqw lqlwldo hvwlpdwru surylghv P0EVPF iru
frqvwdqw 4 'dqg P0EVPH iru e 4 dffruglqj wr +41;,1 Wkh pd{lpxp rffx0





c uhvshfwlyho|1 Dowrjhwkhu/ wzhoyh glhuhqw hvwlpdwruv duh fdofxodwhg> vl{ Kloo
hvwlpdwruv= K0LQL/ K0GNF/ K0GNH/ K0EVF/ K0EVH/ K0PRW dqg vl{ prphqw
udwlr hvwlpdwruv= P0LQL/ P0EVKF/ P0EVKH/ P0EVPF/ P0EVPH/ P0PRW1
43Wdeoh 4
Uhwxuq prgho sdudphwhuv dqg wkh fruuhvsrqglqj wdlo lqgh{ ri wkh vwdwlrqdu| pdujlqdo
glvwulexwlrqv1
Sdudphwhu 1 krkr D qf q q2
Prgho= Odeho=
L= llg vkv vkv2319: 319: 4183    
vkv23186 3186 41<3    
vkv23 3 5 4   
LL= llg vwxghqw0w+D, vwxg2314: 314:  9   
vwxg23158 3158  7   
vwxg23166 3166  6   
LLL= JDUFK+4/4,0w+D, dufk2314: 314:  < 433S 3138 31<5
dufk23158 3158  8 433S 3136 31<7
dufk23166 3166  7 433S 3136 31<6
6151 Uhwxuq Prghov
Rxu vlpxodwlrqv duh edvhg rq  ' f f f c2fff dqg fff revhuydwlrqv iurp wkuhh
glhuhqw uhwxuq prghov zlwk }hur uhwxuq h{shfwdwlrq18 Wdeoh 4 frqwdlqv dq ryhuylhz
ri wkh uhwxuq prghov1 Wkh prghov lqfoxgh= +L, wkh llg v|pphwulf k0vwdeoh uhwxuq
prgho e| Pdqghoeurw +vhh dovr Mdqlfnl dqg Zhurq +4<<6,, odehoohg vkv21/ dv
zhoo dv +LL, wkh llg v|pphwulf vwxghqw0w+D, uhwxuq prgho e| Fodun +vwxg21,1
Wkh odwwhu wzr idw0wdlohg fodvvhv lqfoxgh Edfkholhu*v wklq0wdlohg qrupdo prgho dv
d vshfldo fdvh iru k '2ru D $4 cuhvshfwlyho|1 Dv d wklug prgho fodvv +LLL,/
JDUFK+4/4, uhwxuq jhqhudwlqj surfhvvhv +4147, duh vlpxodwhg xqghu lqqrydwlrqv
iurp d vwxghqw0w+D, glvwulexwlrq +dufk21,1
Wkh wdlo lqglfhv 1 iru wkh pdujlqdo JDUFK0w+D, glvwulexwlrqv duh fdofxodwhg
e| vroylqj htxdwlrq +4148, zlwk }E5 ghqrwlqj d vwxghqw0w ghqvlw| zlwk D ghjuhhv
ri iuhhgrp1 Qrwh wkdw wkh prgho sdudphwhuv duh fkrvhq vxfk wkdw wkh wdlo lq0
glfhv duh dssur{lpdwho| htxdo wr wkrvh ri wkh llg vwxghqw prghov1 Zkhq vwxg|lqj
wkh surshuwlhv ri wkh wdlo lqgh{ hvwlpdwruv/ wklv doorzv xv wr glvwlqjxlvk ehwzhhq
wkh hhfwv ri wkh pdjqlwxgh ri wkh wdlo lqgh{ rq wkh rqh kdqg dqg DUFK0w|sh
ghshqghqfh rq wkh rwkhu kdqg1
8Dowkrxjk wkh Kloo hvwlpdwru lv qrw orfdwlrq lqyduldqw +vhh Guhhv +4<<;,,/ dgglqj d srvlwlyh
frqvwdqw wr hdfk uhwxuq uhdol}dwlrq lq hduolhu xquhsruwhg vlpxodwlrqv glg qrw kdyh d qrwdeoh hhfw
rq wkh hvwlpdwlrq uhvxowv1
44Wkh irfxv ri rxu vlpxodwlrq vwxg| lv rq wkh shuirupdqfh ri wkh wdlo hvwlpdwruv
xqghu wkh JDUFK0w prgho fodvv1 Edvhg rq wkh hduo| hylghqfh e| Eodwwehuj dqg
Jrqhghv +4<:7, dqg pruh uhfhqw qglqjv/ qlwh yduldqfh prghov vhhp wr grplqdwh
k0vwdeoh prghov iru prvw vwxglhg uhwxuq vhulhv1 Wkh JDUFK prghov dovr fdswxuh
yrodwlolw| foxvwhulqj/ d skhqrphqrq zklfk lv zlgho| grfxphqwhg lq wkh olwhudwxuh1
Uhihuulqj wr hpslulfdo hylghqfh iurp JDUFK hvwlpdwlrq/ wkh sdudphwhuv q dqg
q2 duh fkrvhq vxfk wkdw q n q2 2 c l1h1 wkh prghov duh zkdw lv fdoohg qhduo|
lqwhjudwhg1
6161 Vlpxodwlrq Uhvxowv
Doo rxu vlpxodwlrq uhvxowv duh edvhg rq Dff lqghshqghqw vlpxodwlrq uxqv/ xqghu
hdfk ri zklfk ff errwvwuds uxqv duh shuiruphg iru fdofxodwlqj wkh errwvwuds hv0
wlpdwruv1 Wkh vwdwlvwlfv uhsruwhg duh phdq huuru +PH,/ vwdqgdug ghyldwlrq +VWG,
dqg urrw phdq vtxduhg huuru +UPVH,1 Uhvxowv iru wkh Kloo hvwlpdwruv duh jlyhq
lq Wdeoh 5 iru vdpsoh vl}h  ' f f fd q gl qW d e o h7i r uv d p s o hv l } h' f f f 1
Wdeohv 6 dqg 8 jlyh wkh uhvxowv iru wkh prphqw udwlr hvwlpdwruv dqg fruuhvsrqglqj
vdpsoh vl}hv19 Rxu frqfoxvlrqv iurp wkh vlpxodwlrqv duh dv iroorzv1
616141 Vwdeoh yhuvxv Qrq0Vwdeoh Prghov
Hvwlpdwhv ri wkh wdlo lqgh{ ri wkh v|pphwulf k0vwdeoh prgho +vkv, wxuq rxw wr
eh xquholdeoh/ sduwlfxoduo| zkhq k lv forvh wr 5 zklfk lv wkh fdvh ri lqwhuhvw lq
qdqfldo dssolfdwlrqv1 Wkhuh lv d odujh qhjdwlyh hvwlpdwlrq eldv iru k 2 2 dqg d
odujh srvlwlyh hvwlpdwlrq eldv iru k '2dv fdq eh vhhq iurp wkh PH vwdwlvwlfv lq
Wdeohv 5 wkurxjk 81 Iru h{dpsoh/ zkhq wkh wuxh vkv prgho wdlo lqgh{ lv 1 'f  Dc
qhjdwlyh hvwlpdwlrq eldv uhodwhv wr dq h{shfwhg ydoxh ri wkh wdlo lqgh{ hvwlpdwru
durxqg 316/ wkh eldv ehlqj doprvw kdoi wkh pdjqlwxgh ri wkh wuxh wdlo lqgh{1 Wkhvh
qglqjv gr qrw vljqlfdqwo| fkdqjh iru wkh vdpsoh vl}hv dqg hvwlpdwlrq surfhgxuhv
frqvlghuhg1 Lq frqwudvw/ Wdeohv 5 wkurxjk 8 dovr ghprqvwudwh wkdw wkh hvwlpdwlrq
eldv lv pxfk orzhu zkhq uhwxuqv duh jhqhudwhg e| wkh vwxghqw0w ru wkh JDUFK
prghov1
Wkxv/ dowkrxjk wkhruhwlfdoo| mxvwlhg iru v|pphwulf vwdeoh odzv zlwk k	2 /
dssolfdwlrqv ri Kloo0w|sh hvwlpdwruv gr qrw vhhp surplvlqj iru vwdeoh odzv lq vpdoo
vdpsohv1 Dq h{sodqdwlrq iru wklv qglqj lv wkdw/ xqghu wkh olplwlqj qrupdo prgho/
9Wkh vlpxodwlrq uhvxowv iru Q @ 5333 frqirup wr wkh qglqjv iurp wkh wzr rwkhu vdpsoh
vl}hv dqg khqfh zhuh qrw wdexodwhg vhsdudwho|1
45wkh wdlo 8 lv qrw uhjxodu ydu|lqj dqg wkh Kloo hvwlpdwru lv wkhuhiruh lqdssursuldwh1
Wkh qglqj ri vxevwdqwldo eldv xqghu wkh vkvp r g h oz l w kk	2lpsolhv wkdw/
zlwkrxw d sulrul nqrzohgjh derxw wkh xqghuo|lqj glvwulexwlrq/ lw zloo eh gl!fxow
wr glvwlqjxlvk ehwzhhq vwdeoh dqg qrq0vwdeoh xqghuo|lqj glvwulexwlrqv vroho| edvhg
rq hvwlpdwhv ri wkh wdlo lqgh{1 Ixuwkhupruh/ vwdwhphqwv derxw wkh h{lvwhqfh ri
fhuwdlq prphqwv ri wkh xqghuo|lqj glvwulexwlrq vkrxog rqo| eh pdgh frqglwlrqdo
rq wkh d sulrul dvvxpswlrq wkdw wkh xqghuo|lqj glvwulexwlrq lv qrw vwdeoh xqghu
dgglwlrq1 Lq wkh iroorzlqj zh olplw rxu glvfxvvlrq wr wkh qrq0vwdeoh vwxghqw0w dqg
JDUFK prghov1
616151 Pdjqlwxgh ri wkh Wdlo Lqgh{ dqg Hvwlpdwlrq Suhflvlrq
Wxuqlqj wr wkh Kloo dqg wkh prphqw udwlr hvwlpdwruv iru vwxghqw0w dqg JDUFK
prghov/ zh revhuyh lq Wdeohv 5 wkurxjk 8 wkdw kljkhu ghjuhhv ri idw0wdlohgqhvv +l1h1
odujhu ydoxhv ri 1 iuhtxhqwo| vkrz txlwh vwdeoh ru hyhq ghfuhdvhg UPVH vwdwlvwlfv
iru wkh hvwlpdwruv1 Iru h{dpsoh/ lq Wdeoh 7/ wkh UPVH iru wkh errwvwuds hvwlpdwru
K0EVF lv 313;3 iru wkh vwxghqw0w prgho zlwk 1 'f  . dqg 313:4 iru wkh vwxghqw0w
prgho zlwk 1 'f   Wkh UPVH iru wkh lqlwldo Kloo hvwlpdwru +K0LQL, lv 313<4 iru
wkh vwxghqw0w prgho zlwk 1 'f  . dqg ghfolqhv e| urxjko| d wklug wr 31396 zkhq
wkh wdlo lqgh{ lv qhduo| grxeohg wr 1 'f  
Wkh ghfuhdvh lq UPVH zlwk dq lqfuhdvh lq 1 ghvhuyhv ixuwkhu frqvlghudwlrq
uhfdoolqj wkdw PVH ' VWG2 n PH2 dqg wkdw wkh dv|pswrwlf erxqgv/ 1*
s
&EAc
wr wkh vwdqgdug ghyldwlrq ri wkh Kloo hvwlpdwru iurp htxdwlrq +419, duh olqhduo|
lqfuhdvlqj lq 1 Zlwk/ iru h{dpsoh &EA'd 2
s
Aodqg vdpsoh vl}h  ' f f f /w k h
dv|pswrwlf vwdqgdug ghyldwlrqv duh 3134< iru 1 'f  .c 3135; iru 1 'f  2D dqg 3136;
iru 1 'f  1 Lq Wdeoh 7/ wkh fruuhvsrqglqj vlpxodwhg vwdqgdug ghyldwlrqv iru wkh
lqlwldo hvwlpdwru K0LQL duh 3135;/ 31366 dqg 31374 uhvshfwlyho|/ l1h1 hvshfldoo| xqghu
wkh vpdoohu wdlo lqglfhv/ wkh vwdqgdug ghyldwlrqv kdyh qrw uhdfkhg wkhlu dv|pswrwlf
erxqgv/ hyhq zlwk d vdpsoh vl}h ri 63331 Qhyhuwkhohvv/ wkh vwdqgdug ghyldwlrqv
gr lqfuhdvh zlwk wkh wdlo lqgh{ 1 dqg hvwlpdwlrq yduldqfh lv kljk hvshfldoo| iru wkh
prghov zlwk 1 'f  1
Wkh revhuydwlrq wkdw wkh UPVH uhpdlqv vwdeoh ru hyhq ghfuhdvhv iru lqfuhdv0
lqj wdlo lqgh{ 1 lv sduwo| h{sodlqdeoh e| d vorzhu frqyhujhqfh wr wkh dv|pswrwlf
vwdqgdug ghyldwlrqv iru prghov zlwk vpdoo wdlo lqgh{1 Wklv uhgxfhv wkh lqfuhdvh lq
vdpsolqj yduldqfh iru hvwlpdwlrq xqghu prghov zlwk odujhu wdlo lqglfhv1 Wkh pdlq
h{sodqdwlrq ri rxu qglqjv/ krzhyhu/ lv wkh ehkdylru ri wkh vdpsoh eldv +PH,=
ghfuhdvhv lq devroxwh eldv whqg wr pruh wkdq frpshqvdwh iru lqfuhdvlqj hvwlpd0
46Wdeoh 5
Kloo hvwlpdwruv> phdq huuru +PH,/ vwdqgdug ghyldwlrq +VWG,/ dqg urrw phdq vtxduhg
huuru +UPVH,/  ' f f f
































































































































































































Prphqw udwlr hvwlpdwruv> phdq huuru +PH,/ vwdqgdug ghyldwlrq +VWG,/ dqg urrw phdq
vtxduhg huuru +UPVH,/  ' f f f 1
































































































































































































Kloo hvwlpdwruv> Phdq huuru +PH,/ vwdqgdug ghyldwlrq +VWG,/ dqg urrw phdq vtxduhg
huuru +UPVH,/  ' f f f
































































































































































































Prphqw udwlr hvwlpdwruv> Phdq huuru +PH,/ vwdqgdug ghyldwlrq +VWG,/ dqg urrw phdq
vtxduhg huuru +UPVH,/  ' f f f 1































































































































































































4:wlrq yduldqfh1 Iru h{dpsoh/ lq wkh fdvh phqwlrqhg deryh/ zkhq UPVH idoov iurp
313<4 wr 31396/ zh vhh wkdw wkh eldv idoov iurp 313;: wr 3137;/ pruh wkdq rvhw0
wlqj wkh lqfuhdvh lq vwdqgdug ghyldwlrq iurp 3135; wr 313741 Lqwhuhvwlqjo|/ iru wkh
pd{lpxp rffxsdwlrq wlph hvwlpdwru +PRW,/ wklv frpshqvdwlrq hhfw zhdnhqv
dqg devroxwh eldv hyhq lqfuhdvhv iru wkh JDUFK prghov zlwk 1 'f   lq Wdeohv
6 wurxjk 81 Lq wklv fdvh/ d odujhu wdlo lqgh{ |lhogv uhgxfhg hvwlpdwlrq suhflvlrq
phdvxuhg e| wkh VWG dqg wkh UPVH vwdwlvwlf1
Ryhudoo/ rxu uhvxowv lqglfdwh wkdw wkh eldv2yduldqfh wudgh0r lv frpsoh{ dqg
khqfh rqh vkrxog eh fduhixo zlwk vlpsoh uxohv uhodwlqj ryhudoo hvwlpdwlrq suhflvlrq
wr wkh pdjqlwxgh ri wkh wdlo lqgh{1 Iljxuhv 4d dqg 4e jlyh d judsklfdo looxvwudwlrq
ri wkh qglqjv iru wzr ri wkh JDUFK prghov1 Iljxuh 4d vkrzv wkh huuru ghqvlwlhv
iru wkh Kloo dqg wkh prphqw udwlr hvwlpdwruv xqghu wkh JDUFK prgho zlwk
1 'f  .c zkloh Iljxuh 4e vkrzv wkh uhvshfwlyh huuru ghqvlwlhv xqghu wkh JDUFK
prgho zlwk 1 'f  1
616161 Kloo yhuvxv Prphqw Udwlr Hvwlpdwruv
Frpsdulqj wkh shuirupdqfh ri wkh Kloo yhuvxv wkh prphqw udwlr hvwlpdwruv/ wkh
vlpxodwlrq uhvxowv vkrz wkdw wkh prphqw udwlr hvwlpdwruv* phdq vtxduhg huuru
vwdwlvwlfv duh lq jhqhudo vxevwdqwldoo| vpdoohu wkdq wkrvh ri wkh Kloo hvwlpdwruv1 Wkh
uhvxowv iru wkh errwvwuds hvwlpdwruv ghprqvwudwh wkdw wkh prphqw udwlr hvwlpdwruv
jlyh vxshulru UPVH shuirupdqfh iru dq lghqwlfdo vxevdpsoh vl}h &1W k l vf d qe h
vhhq e| frpsdulqj wkh Kloo errwvwuds hvwlpdwruv K0EVF dqg K0EVH lq Wdeohv 5
dqg 7 zlwk wkh prphqw udwlr hvwlpdwruv P0EVKF dqg P0EVKH lq Wdeohv 6 dqg
81 Xqghu wkh hvwlpdwhv ri wkh rswlpdo prphqw udwlr vxevdpsoh iudfwlrq &6
JR| dqg d
vdpsoh vl}h ri  ' f f f / wkh shuirupdqfh ri wkh prphqw udwlr hvwlpdwru ixuwkhu
lpsuryhv iru wkh prghov zlwk 1 'f  2D dqg 1 'f  c exw qrw iru 1 'f  .( vhh wkh
vwdqgdug huuruv iru wkh P0EVP hvwlpdwru dv frpsduhg wr wkh P0EVK hvwlpdwru
lq Wdeoh 81 Exw hyhq iru 1 'f  . wkh prphqw udwlr hvwlpdwruv* UPVH vwdwlvwlfv
vwloo grplqdwh wkrvh ri wkh Kloo hvwlpdwruv1
Wkh uhvxowv iru wkh pd{lpxp rffxsdwlrq wlph hvwlpdwru +PRW, duh qrw dv
vwudljkwiruzdug dv wkrvh iru wkh errwvwuds hvwlpdwruv1 Lw wxuqv rxw wkdw iru prghov
zlwk 1 'f   wkh prphqw udwlr hvwlpdwru P0PRW kdv voljkwo| odujhu UPVH wkdq
wkh Kloo hvwlpdwru K0PRW zkloh wkh UPVH lv orzhu iru prghov zlwk 1 'f  .
dqg 1 'f  2D1 Wklv vxjjhvwv wkdw wkh prphqw udwlr hvwlpdwruv duh sduwlfxoduo|
dssursuldwh iru odujhu wdlo lqglfhv dqg vxevdpsoh vhohfwlrq edvhg rq wkh errwvwuds
hvwlpdwru1






































































































Iljxuh 4d= Hsdqhfkqlnry nhuqho ghqvlwlhv ri wkh Kloo dqg wkh prphqw udwlr
hvwlpdwlrq huuruv xqghu wkh JDUFK0w prgho zlwk 1 'f  .c' f f f 1






































































































Iljxuh 4e= Hsdqhfkqlnry nhuqho ghqvlwlhv ri wkh Kloo dqg wkh prphqw udwlr
hvwlpdwlrq huuruv xqghu wkh JDUFK0w prgho zlwk 1 'f  /  ' f f f 1
4<Ryhudoo/ zh frqfoxgh wkdw wkh ehvw UPVH vwdwlvwlfv xqghu wkh vwxghqw0w dqg
JDUFK prghov iru doo vdpsoh vl}hv duh dozd|v rewdlqhg zlwk d prphqw udwlr
hvwlpdwru1 Dovr/ iru erwk wkh Kloo dqg wkh prphqw udwlr hvwlpdwruv/ vhwwlqj wkh
vhfrqg rughu sdudphwhu 4 iurp htxdwlrq +41:, htxdo wr rqh |lhogv ehwwhu uhvxowv
wkdq hvwlpdwlqj wkh frh!flhqw +hyhq wkrxjk lw lv nqrzq wkdw 4 '2 *D iru wkh
vwxghqw0wED glvwulexwlrq,= iru doo vlpxodwlrqv/ wkh UPVH xqghu wkh {hg sdudp0
hwhu lv vpdoohu ru htxdo wr wkh UPVH xqghu wkh hvwlpdwhg sdudphwhu1 D judsklfdo
looxvwudwlrq ri wkh huuru ghqvlwlhv ri wkh Kloo dqg wkh prphqw udwlr hvwlpdwruv xvlqj
wkh wzr JDUFK prghov zlwk 1 'f  . dqg 1 'f   lv jlyhq lq Iljxuhv 4d dqg
4e1
616171 Shuirupdqfh ri wkh Dgdswlyh Vxevdpsoh Vhohfwlrq Dssurdfkhv
D frpsdulvrq ri wkh uhvxowv ri wkh dgdswlyh hvwlpdwlrq dssurdfkhv zlwk wkrvh ri
wkh lqlwldo hvwlpdwru vkrzv wkdw wkh rswlpdo fkrlfh ri & lq wkh iruphu lqyroyhv
d wudgh0r ehwzhhq uhgxfhg hvwlpdwlrq eldv dqg lqfuhdvhg hvwlpdwlrq yduldqfh1
Wklv lv looxvwudwhg iru h{dpsoh lq Iljxuh 5d/ zkhuh d vkliw ri wkh Kloo hvwlpdwruv*
huuru ghqvlw| wr wkh ohiw/ l1h1 d uhgxfwlrq lq hvwlpdwlrq eldv/ lv dffrpsdqlhg e| dq
lqfuhdvh lq hvwlpdwlrq yduldqfh/ l1h1 d zlghqlqj ri wkh ghqvlw|1
Lq frpsdulqj wkh dgdswlyh hvwlpdwlrq dssurdfkhv/ wkh UPVH0rswlpdo ds0
surdfk ghshqgv rq wkh pdjqlwxgh ri wkh wdlo lqgh{ 11 Iru h{dpsoh/ wkh PRW
hvwlpdwru grplqdwhv wkh EV hvwlpdwru iru 1 'f  . zkloh wkh EV hvwlpdwru grp0
lqdwhv wkh PRW iru 1 'f   Wklv lv prvwo| gxh wr d glhuhqw eldv vwuxfwxuh iru
wkh wzr hvwlpdwlrq dssurdfkhv1 Zkloh wkh PRW hvwlpdwru kdv orzhvw devroxwh
eldv iru wkh JDUFK prgho zlwk 1 'f  2Dc wkh errwvwuds hvwlpdwru uhdfkhv wklv
srlqw durxqg 1 'f   Dvvxplqj rqh kdv d sulrul nqrzohgjh derxw wkh jhqhudo
pdjqlwxgh ri wkh wdlo lqgh{/ lw vhhpv dgylvdeoh wr xvh wkh P0PRW hvwlpdwru iru
vpdoohu wdlo lqglfhv dqg wkh P0EVPF hvwlpdwru iru odujhu wdlo lqglfhv1 Ryhudoo/ wkh
prphqw udwlr hvwlpdwruv wrjhwkhu zlwk wkh errwvwuds +P0EVPF, dqg wkh pd{l0
pxp rffxsdwlrq wlph hvwlpdwlrq dssurdfk +P0PRW, whqg wr shuirup ehvw +vhh
Wdeohv 6 dqg 8,1






































































































Iljxuh 5d= Hsdqhfkqlnry nhuqho ghqvlwlhv ri wkh Kloo dqg wkh prphqw udwlr
hvwlpdwlrq huuruv iru 1 'f  2D xqghu wkh llg vwxghqw0w prgho/  ' f f f 1






































































































Iljxuh 5e= Hsdqhfkqlnry nhuqho ghqvlwlhv ri wkh Kloo dqg wkh prphqw udwlr
hvwlpdwlrq huuruv iru 1 'f  2D xqghu wkh JDUFK0w prgho/  ' f f f 1
54Lqwhuhvwlqjo|/ lw wxuqv rxw wkdw doo wkh dssurdfkhv wr rswlpdo vxevdpsoh vhohf0
wlrq vkrz d frpprq whqghqf| wr eh srvlwlyho| eldvhg iru vpdoohu ydoxhv ri wkh wdlo
lqgh{ +vhh Wdeohv 5 wkurxjk 8,1 Iru wkh JDUFK prghov zklfk duh ri sduwlfxodu
lqwhuhvw uhjduglqj qdqfldo dssolfdwlrqv/ wkhuh lv dovr vrph whqghqf| wrzdugv qhj0
dwlyh eldv iru odujhu ydoxhv ri wkh wdlo lqgh{ hvshfldoo| iru wkh PRW hvwlpdwru lq
Wdeohv 6 dqg 81: Lq vxp/ eldv dv d ixqfwlrq ri 1 d s s h d u vw re hdf u l w l f d ol v v x hl q
wdlo lqgh{ hvwlpdwlrq lq wkdw lw fdxvhv wkh hvwlpdwhg ghjuhh ri idw0wdlohgqhvv wr eh
v|vwhpdwlfdoo| eldvhg1 Rxu hylghqfh lv wkdw vpdoo wdlo lqglfhv +ehorz 3158, whqg
wr eh ryhuhvwlpdwhg dqg odujh JDUFK prgho wdlo lqglfhv +3166 dqg deryh, whqg
wr eh xqghuhvwlpdwhg1
616181 JDUFK yhuvxv llg Vwxghqw Prghov
Lq frpsdulqj wkh uhvxowv iru wkh llg vwxghqw0w dqg JDUFK prghov/ d uvw jodqfh
dw wkh wdeohv pd| ohdg wr wkh frqfoxvlrq wkdw wkhuh lv d uhodwlyho| kljk ryhu0
doo phdq vtxduhg huuru0urexvwqhvv ri wkh wdlo lqgh{ hvwlpdwruv zlwk uhvshfw wr
khwhurvnhgdvwlflw|1 Lqwhuhvwlqjo|/ yrodwlolw| foxvwhulqj xqghu wkh JDUFK prghov
kdugo| lqfuhdvhv wkh phdq vtxduhg huuru ri wkh rswlpdo dgdswlyh hvwlpdwlrq ds0
surdfkhv1 Iru wkh vdpsoh vl}h  ' f f fwkh UPVH fulwhulrq |lhogv hyhq vpdoohu
ydoxhv iru wkh JDUFK0w prgho wkdq xqghu wkh llg vwxghqw0w prgho> iru  ' fff
wkh UPVH uhvxowv iru wkh wzr prgho fodvvhv duh urxjko| lghqwlfdo1 Djdlq/ dv lq
wkh fdvh ri lqfuhdvhv lq wkh pdjqlwxgh ri wkh wdlo lqgh{ 1 lq Vhfwlrq 616151/ txlwh
xqfkdqjhg ru hyhq lpsuryhg UPVH uhvxowv frph iurp wkh frpshqvdwlqj hhfw ri
d uhgxfwlrq lq hvwlpdwlrq eldv1
Dowkrxjk DUFK0w|sh ghshqghqfh grhv qrw qhfhvvdulo| lqfuhdvh phdq vtxduhg
hvwlpdwlrq huuru lq wkh vlpxodwlrq uhvxowv/ zh nqrz wkdw DUFK0w|sh yrodwlolw|
foxvwhulqj ohdgv wr foxvwhulqj lq wkh h{wuhphv zklfk vkrxog reylrxvo| lqfuhdvh
hvwlpdwlrq huuru iru wkh wdlo lqgh{1 Wklv lv frquphg e| rxu uhvxowv zkhq zh orrn
dw wkh VWG vwdwlvwlfv ri wkh hvwlpdwruv zklfk prvwo| vkrz d qrwdeoh lqfuhdvh lq
hvwlpdwlrq yduldqfh xqghu JDUFK +Wdeohv 5 wkurxjk 8,1
Wkh hvwlpdwruv* huuru ghqvlwlhv iru erwk wkh llg vwxghqw0w dqg wkh JDUFK0
wp r g h oz l w k1'f  2D duh looxvwudwhg lq Iljxuhv 5d dqg 5e/ uhvshfwlyho|1 Lw lv
dssduhqw wkdw wkh huuru glvwulexwlrqv lq Iljxuh 5e kdyh d odujhu glvshuvlrq wkdq
wkrvh lq Iljxuh 5d1 Qrwh wkdw dowkrxjk hvwlpdwlrq yduldqfh dssduhqwo| lqfuhdvhv
:Xquhsruwhg uhvxowv rq uhwxuq prghov zlwk A3 = 66 vkrzhg wkdw qhjdwlyh/ lqfuhdvlqj eldv
iru lqfuhdvlqj  lv qrw vshflf wr wkh PRW hvwlpdwru dv grfxphqwhg lq Wdeoh 8/ exw lv dovr d
fkdudfwhulvwlf ri wkh errwvwuds hvwlpdwru1
55xqghu wlph vhulhv ghshqghqfh lq vlpxodwhg uhwxuqv/ wkh ryhudoo UPVH uhvxowv iru
wkh dgdswlyh hvwlpdwlrq dssurdfkhv lq Iljxuh 5d dqg 5e duh prvwo| txlwh vlplodu
gxh wr uhgxfhg hvwlpdwlrq eldv xqghu ghshqghqfh1 Iljxuh 5 dovr vxjjhvwv wkdw
wkh PRW hvwlpdwru yduldqfh lv uhodwlyho| odujh xqghu llg vwxghqw0w gdwd/ exw lv
kdugo| dhfwhg e| DUFK0w|sh ghshqghqfh1 Wklv urexvwqhvv fkdudfwhulvwlf xqghu
ghshqghqfh dsshduv wr eh gxh wr wkh frqvwuxfwlrq ri wkh PRW hvwlpdwru zklfk/
lq frqwudvw wr wkh rwkhu hvwlpdwruv/ lv edvhg rq d Kloo sorw fulwhulrq1
616191 Lqfuhdvlqj wkh Vdpsoh Vl}h
F r p s d u l q jw k hu h v x o w vi r uw k hv d p s o hv l } h' f f f+Wdeohv 5 dqg 6, zlwk wkrvh
iru wkh vdpsoh vl}h  ' f f f+Wdeohv 7 dqg 8, lqglfdwhv wkdw wkh uhodwlyh shu0
irupdqfh udqnlqj ri wkh hvwlpdwlrq dssurdfkhv xqghu wkh vwxghqw0w dqg JDUFK
prghov lv edvlfdoo| xqdhfwhg e| dq lqfuhdvh lq wkh vdpsoh vl}h> P0PRW dqg
P0EVPF dfklhyh wkh ehvw UPVH uhvxowv luuhvshfwlyh ri vdpsoh vl}h1 Dsduw iurp
wkdw/ wkh uhvxowv vxjjhvw wkdw dq lqfuhdvhg vdpsoh vl}h |lhogv odujhu shuirupdqfh
lpsuryhphqwv iru wkh errwvwuds +P0EVPF, dv frpsduhg wr wkh pd{lpxp rffx0
sdwlrq wlph +P0PRW, hvwlpdwru +Wdeohv 6 dqg 8,1
Frqvlghulqj hvwlpdwlrq suhflvlrq dv phdvxuhg e| VWG/ dq lqfuhdvh lq wkh vdp0
soh vl}h fdxvhv lpsuryhphqwv lq wkh hvwlpdwruv* vwdqgdug ghyldwlrqv/ hvshfldoo|
xqghu wkh llg vwxghqw0w prgho zlwk d vpdoo wdlo lqgh{ +zkhuh wkh glvwdqfh wr wkh
dv|pswrwlf erxqgv iru wkh vwdqgdug ghyldwlrqv lv odujhu/ vhh Vhfwlrq 61615,1 Lq0
whuhvwlqjo|/ wkhuh lv d qrwdeoh glhuhqfh lq wkh uhgxfwlrq ri hvwlpdwru yduldqfh
ehwzhhq wkh JDUFK dqg wkh llg vwxghqw0w prghov1 Xqghu wkh JDUFK prghov
zlwk 1 'f  2D dqg 1 'f   wkh vwdqgdug ghyldwlrq ri wkh Kloo dv zhoo dv wkh pr0
phqw udwlr hvwlpdwruv fdq kdugo| eh lpsuryhg e| lqfuhdvlqj wkh vdpsoh vl}h iurp
 ' f f fwr  ' fff1 Wklv vkrzv wkdw wkh frqyhujhqfh wr wkh dv|pswrwlf orzhu
erxqgv iru wkh hvwlpdwru*v vwdqgdug ghyldwlrq fdq eh yhu| vorz xqghu DUFK0w|sh
ghshqghqfh1
5671 Frqfoxvlrq
E| wkh yhu| qdwxuh ri h{wuhph ydoxh wkhru|/ hvwlpdwlrq eldv dqg yduldqfh sod|
dq lpsruwdqw uroh lq vwxglhv ri wkh wdlo lqgh{ ri uhwxuq glvwulexwlrqv1 Xsshu
rughu revhuydwlrqv zklfk w|slfdoo| ghyldwh iurp dq h{dfw Sduhwr0wdlo fdxvh wkh
zhoo0nqrzq eldv2yduldqfh wudgh0r1 Dovr/ urexvwqhvv zlwk uhvshfw wr dvvxpswlrqv
derxw wkh xqghuo|lqj uhwxuq prgho lv lpsruwdqw lq qdqfldo dssolfdwlrqv1
Rxu vpdoo vdpsoh vlpxodwlrq uhvxowv vkrz wkdw hvwlpdwlrq eldv zloo ghshqg
rq wkh dssurdfk wr dgdswlyh vxevdpsoh vhohfwlrq dqg wkh pdjqlwxgh ri wkh wdlo
lqgh{ lwvhoi1 Vpdoo wdlo lqglfhv whqg wr eh ryhuhvwlpdwhg dqg odujh wdlo lqglfhv whqg
wr eh xqghuhvwlpdwhg> wkxv/ zkhq wdlo lqglfhv duh hvwlpdwhg iru d furvv0vhfwlrq
ri glvwulexwlrqv/ wkhuh lv wkh whqghqf| wr xqghuhvwlpdwh wkh wuxh udqjh ri wdlo
lqgh{ ydoxhv1 Vxfk hvwlpdwlrq eldv lv uhohydqw wr dssolfdwlrqv> h1j1 wrr odujh
kroglqjv ri kljk ulvn dvvhwv +edvhg rq xqghuhvwlpdwlqj wkhlu h{wuhpdo ulvn, dqg
wrr olwwoh kroglqjv lq orz ulvn dvvhwv +zkhuh wkh ulvn hvwlpdwh lv xszdug eldvhg,
|lhog dq lqh!flhqw doorfdwlrq ri fdslwdo1 Lw dovr dsshduv wkdw odujh vdpsoh vl}hv duh
d qhfhvvdu| dowkrxjk qrw vx!flhqw frqglwlrq iru d vxffhvvixo dssolfdwlrq ri wdlo
hvwlpdwlrq surfhgxuhv lq qdqfh1 Rxu uhvxowv lqglfdwh wkdw frqyhujhqfh wr wkh
dv|pswrwlf orzhu erxqgv iru wkh hvwlpdwru*v vwdqgdug ghyldwlrq fdq eh yhu| vorz
xqghu DUFK0w|sh ghshqghqfh1 Khqfh/ zkhq ghshqghqfh lv vwurqjhu iru vkruwhu
uhwxuq lqwhuydov/ dv riwhq vhhpv wr eh wkh fdvh/ wkh dgglwlrqdo dprxqw ri gdwd iurp
kljkhu iuhtxhqf| revhuydwlrqv zloo qrw qhfhvvdulo| vljqlfdqwo| uhgxfh hvwlpdwlrq
yduldqfh1
Lq jhqhudo/ surshu dvvxpswlrqv derxw wkh xqghuo|lqj uhwxuq prgho dqg lwv
wlph vhulhv surshuwlhv duh ylwdo wr wkh lqwhusuhwdwlrq ri wkh hvwlpdwlrq uhvxowv
jdlqhg iurp h{wuhph ydoxh dqdo|vlv1 Zkdw wkh wdlo lqgh{ hvwlpdwlrq uhvxowv whoo
xv derxw wkh h{wuhpdo ehkdylru ri wkh uhwxuqv fdqqrw eh vhsdudwhg iurp d sulrul
dvvxpswlrqv derxw wkh uhwxuq glvwulexwlrq1 Rxu uhvxowv vxjjhvw wkh iroorzlqj
suxghqw vwhsv lq wdlo lqgh{ hvwlpdwlrq=
 Sd| dwwhqwlrq wr wkh txhvwlrqv ri vxp0vwdelolw| ri wkh xqghuo|lqj glvwulexwlrq
dqg srwhqwldo wlph0vhulhv ghshqghqfh lq wkh gdwdvhw1
 Dvvxplqj d idw0wdlohg glvwulexwlrq zlwk d qlwh vhfrqg prphqw/ dsso| wkh
prphqw udwlr hvwlpdwru1 Pdnh Kloo0w|sh sorwv iru d judsklfdo looxvwudwlrq ri
wkh udqjh ri srwhqwldo wdlo lqgh{ hvwlpdwhv1
 Xvh dw ohdvw wzr glhuhqw dgdswlyh hvwlpdwlrq dssurdfkhv1 Rxu uhvxowv vxj0
jhvw wkdw wkh pd{lpxp rffxsdwlrq wlph hvwlpdwru dqg wkh errwvwuds ds0
57surdfk shuirup zhoo1 Erwk dssurdfkhv pd| eh ixuwkhu uhqhg dv vxjjhvwhg
lq wkh olwhudwxuh1
 Dvvxplqj wkdw JDUFK0w lv d vxlwdeoh prgho iru wkh uhwxuq gdwd/ wkh hv0
wlpdwlrq uhvxowv pd| eh lqwhusuhwhg xvlqj rxu uhvxowv dv d ehqfkpdun1 Lq
sduwlfxodu/ wkh qglqjv pd| eh khosixo lq txdqwli|lqj srwhqwldo wdlo lqgh{
hvwlpdwlrq eldv dqg huuru yduldqfh1
58Uhihuhqfhv
^4` Eodwwehuj/ U1 F1/ Jrqhghv/ Q1 M1 +4<:7,= D Frpsdulvrq ri Vwdeoh
dqg Vwxghqw Glvwulexwlrqv dv Vwdwlvwlfdo Prghov iru Vwrfn Sulfhv/ Mrxuqdo ri
Exvlqhvv 7:= 57705;3
^5` Gdfrurjqd/ P1 P1/ Pÿoohu/ X1 D1/ Slfwhw/ R1 Y1/ gh Yulhv/ F1 J1
+4<<8,= Wkh Glvwulexwlrq ri H{wuhpdo Iruhljq H{fkdqjh Udwh Uhwxuqv lq
H{wuhpho| Odujh Gdwd Vhwv/ R)D Suhsulqw/ ]ÿulfk
^6` Gdqlhovvrq/ M1/ gh Kddq/ O1/ Shqj/ O1/ gh Yulhv/ F1 J1 +4<<:,=X v l q j
d Errwvwuds Phwkrg wr Fkrrvh wkh Vdpsoh Iudfwlrq lq Wdlo Lqgh{ Hvwlpdwlrq/
Zrunlqj Sdshu/ Hudvpxv Xqlyhuvlw| Urwwhugdp
^7` Gdqlhovvrq/ M1/ Mdqvhq/ G1 Z1/ gh Yulhv/ F1 J1 +4<<9,= Wkh Phwkrg
ri Prphqwv Hvwlpdwru iru wkh Wdlo Vkdsh Sdudphwhu/ Frppxqlfdwlrqv lq
VwdwlvwlfvWkhru| dqg Phwkrgv 58= :440:53
^8` Gdqlhovvrq/ M1/ gh Yulhv/ F1 J1 +4<<:d,= Wdlo Lqgh{ dqg Txdqwloh Hv0
wlpdwlrq zlwk Yhu| Kljk Iuhtxhqf| Gdwd/ Mrxuqdo ri Hpslulfdo Ilqdqfh 7=
574058:
^9` Gdqlhovvrq/ M1/ gh Yulhv/ F1 J1 +4<<:e,=E h | r q gw k hV d p s o h =H { w u h p h
Txdqwloh dqg Suredelolw| Hvwlpdwlrq/ Zrunlqj Sdshu/ Hudvpxv Xqlyhuvlw|
Urwwhugdp
^:` Ghzdfkwhu/ K1/ Jlhohqv/ J1 +4<<7,= D Qrwh rq wkh Vxp0Vwdelolw| ri
Vshfxodwlyh Uhwxuqv/ Hfrqrplf Qrwhv 56= 4490457
^;` Guhhv/ K1 +4<<;,= Rswlpdo Udwhv ri Frqyhujhqfh iru Hvwlpdwhv ri wkh
H{wuhph Ydoxh Lqgh{/ Dqqdov ri Vwdwlvwlfv 59= 767077;
^<` G u h h v /K 1 /g hK d d q /O 1 /U h v q l f n /V 1+ 5 3 3 3 , = Krz wr Pdnh d Kloo Sorw/
Dqqdov ri Vwdwlvwlfv 5;= 58705:7
^43` Guhhv/ K1/ Ndxipdqq/ H1 +4<<;,= Vhohfwlqj wkh Rswlpdo Vdpsoh Iudf0
wlrq lq Xqlyduldwh H{wuhph Ydoxh Hvwlpdwlrq/ Vwrfkdvwlf Surfhvvhv dqg wkhlu
Dssolfdwlrq :8= 47<04:5
^44` Hpeuhfkwv/ S1/ Noÿsshoehuj/ F1/ Plnrvfk/ W1 +4<<:,= Prghoolqj H{0
wuhpdo Hyhqwv iru Lqvxudqfh dqg Ilqdqfh/ Vsulqjhu/ Qhz \run
59^45` gh Kddq/ O1/ Shqj/ O1 +4<<;,= Frpsdulvrq ri Wdlo Lqgh{ Hvwlpdwruv/
Vwdwlvwlfd Qhhuodqglfd 85= 930:3
^46` Kdoo/ S1 +4<<3,= Xvlqj wkh Errwvwuds wr Hvwlpdwh Phdq Vtxduhg Huuru
dqg Vhohfw Vprrwklqj Sdudphwhuv lq Qrqsdudphwulf Sureohpv/ Mrxuqdo ri
Pxowlyduldwh Dqdo|vlv 65= 4::0536
^47` Kloo/ E1 P1 +4<:8,= D Vlpsoh Jhqhudo Dssurdfk wr Lqihuhqfh derxw wkh
Wdlo ri d Glvwulexwlrq/ Dqqdov ri Vwdwlvwlfv 6= 4496044:7
^48` Kvlqj/ W1 +4<<4,= Rq Wdlo Lqgh{ Hvwlpdwlrq xvlqj Ghshqghqw Gdwd/ Dqqdov
ri Vwdwlvwlfv 4<= 487:0489<
^49` Kxlvpdq/ U1/ Nrhglmn/ N1 J1/ Nrro/ F1/ Sdop/ I1 F1 +4<<:,=I d w
Wdlov lq Vpdoo Vdpsohv/ Zrunlqj Sdshu/ Pddvwulfkw Xqlyhuvlw|
^4:` Mdqlfnl/ D1/ Zhurq/ D1 +4<<6,= Vlpxodwlrq dqg Fkdrwlf Ehkdylru ri k0
Vwdeoh Vwrfkdvwlf Surfhvvhv/ Ghnnhu/ Qhz \run
^4;` Mrqghdx/ H1/ Urfnlqjhu/ P1 +4<<<,= Wkh Wdlo Ehkdylru ri Vwrfn Uhwxuqv=
Hphujlqj yhuvxv Pdwxuh Pdunhwv/ Zrunlqj Sdshu/ KHF0Vfkrro ri Pdqdjh0
phqw
^4<` Nhduqv/ S1 Sdjdq/ D1 +4<<:,= Hvwlpdwlqj wkh Ghqvlw| Wdlo Lqgh{ iru
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^53` Nrhglmn/ N1 J1/ Vfkdijdqv/ P1 P1/ gh Yulhv/ F1 J1 +4<<3,=W k hW d l o
Lqgh{ ri H{fkdqjh Udwh Uhwxuqv/ Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv 5<=
<6043;
^54` Ox{/ W1 +5333,= Wkh Olplwlqj H{wuhpdo Ehkdylru ri Vshfxodwlyh Dvvhw Uh0
wxuqv= Dq Dqdo|vlv ri Lqwud0Gdlo| Gdwd iurp wkh Iudqnixuw Vwrfn H{fkdqjh/
Zrunlqj Sdshu/ Xqlyhuvlw| ri Nlho
^55` PfQhlo/ D1 M1/ Iuh|/ U1 +5333,= Hvwlpdwlrq ri Wdlo0Uhodwhg Phdvxuhv
iru Khwhurvfhgdvwlf Ilqdqfldo Wlph Vhulhv= Dq H{wuhph Ydoxh Dssurdfk/
Suhsulqw/ HWK ]ÿulfk
^56` Plnrvfk/ W1/ Vw dulf d/ F1 +4<<;,= Olplw Wkhru| iru wkh Vdpsoh Dxwrfru0
uhodwlrqv dqg H{wuhphv ri d JDUFK+4/4, Surfhvv/ Suhsulqw/ Xqlyhuvlw| ri
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5:^57` Uhvqlfn/ V1/ Vw dulf d/ F1 +4<<;,= Wdlo Lqgh{ Hvwlpdwlrq iru Ghshqghqw
Gdwd/ Dqqdov ri Dssolhg Suredelolw| ;= 4489044;6
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